Technical Report 1999-12-03

Internetworking and Media Communications Research Laboratories
Department of Math & Computer Science, Kent State University
http://medianet.kent.edu/technicalreports.html

ORDERING PREFETCH IN
TREES, SEQUENCESAND GRAPHS

Javed |. Khan

Tednical Report 199912-03

Internetworking and Media Communicaions Research Laboratories
Department of Math & Computer Science
Kent State University, 233MSB, Kent, OH 44242
December 1999

javed@kent.edu

ABSTRACT

Compared to hardware prefetching, the prefetching in Web systems faces quite high branching
factor. Dedsion points mostly bifurcate the control flow treein hardware due to the predominant
if-then like program constructs. In contrast, in web there is no limit on the number of linksin a
page. In the @ase of hardware quite often all the parallel branches are prefetched- and in some
cases condition can be pre-evaluated to determine the prefetch path. Neither is practical for web
systems. There is criticd for web systems to carefully evaluate dl prefetch options. This report
contains few analytical results, which show how to rank prefetch paths in various hyper linked
graphs shown in Fig-A-D. It seemsin most cases optimum prefetch peth should depend bath on
the link transition probability as well as loading time of the wmponent —rather than just the
former.

1 Optimization Criterion

In ahyper-graph G, Lets U=(ay,a,&....a), where yJG, is the anchor sequence-- the sequence of
nodes followed by a user. Let's I is the loading sequence in which the nodes are loaded in the
cache (Clealy, U 00 'l {nodesin G}). Let p; is the estimated probability that a user traverses a
noden; inroaming sphere G, and T, ; isthetime the node g isfetched and Tp; is the time spent by
the user in that node. Thus, we define an overall penalty function-- the expeded cumulative read
timelag:

U
T W) =Y pma{T, ~(T, . +T, .0} (1)
The objedive is to find the loading sequence I' that will minimize the expeded penalty

E{T(C|U)}. It is important to note that this function optimizes with resped to al probable
transitions of U, weighted by their transition probabilit y.
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2 Some Analytical Results

Theorem-1 (Branch Decision): Let A=n. isthe aurrent anchor point with drect transition paths
to a set of candidate nodes ny, n,, Ns.. Ny, such that T; isthe estimated |oading times of node n;, and
Prla,.1=n; |a,=A] is the oonditiond link transition probability, then the average delay is
minimum if the links are prefetched in-order of the highest priority Q;, where:

Prla,,=n|a,=A e (A.2)
T

Q=

Proof: Let us consider two pre-fetching sequences Seql= [No, Ny, Mo....Nm1, Nmy Nimegy--Neg, Ny,
Neig...,nn] and  Seq2=[ne, Ny, No....Nm1, Ny Negye. Nty N NNy, Where m<r. These two
sequences are identical, except only two of the nodes n,, and n; have been switched their positions.
We also note that the nodes loaded prior to the m™ node and the nodes |oaded after the r'™ nodes
are identical in bath the sequences. We use the foll owing expressons to denote the st function
due to these two nodes:

0 O
Cprev. :ZDpJZTlD , and Cpost - DpJZTD
IE |:| 1= D j= r+1|:|

m-1

We also use Tp = Z'I'i to denote aumulative load time of nodes loaded before n,,. Let 's also

denote p =Prfa,,, =n |a, = Al . Thus, the expeded cost factor for sequence1is given by:

Coqa =Coa * P, UT, +T )+ P, LT, +T +T )0 (A.2)
+pr—1mp +Tm+Tm+1"'+T—1)+prm +T +T "'+T— +T)+C

post

:CPreV+pm mp +Tm)+ z Dp m +T + ZT)D+ pr m +T +Tr)+cposl

j= m+1 i=m+1
gt 0O
=T, 0O p, O+ p mee-t T ) K
IEE
Where:
r-1
Kl :Cprev+ pm mTp +Tm)+ Z Dpj mT + ZT)D+ pr mT +T ) Cpost
j=m+1 i=m+1
In asimilar way, the mst for the sequence2 is given by.
Csec2 = Cprev + pr mp +Tr)+ pm+1 mp +Tr +Tm+1) """"" (A3)

P [T, +T +T T )+ p T, +T +T 4T +T ) +C

r-1

= Coe# B 0, +T)+ 5 B T, +T, % S T)E By 1T, +T,04T,)+Cpy

j=m i=m+l

post

__T EDZ p D+ pm m—m+1"'+Tr)+ K2

=m+l
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Where,
1] j O
KZ :Cprev+ pr mTp +Tr) + Z Dpj mTp + ZT|)|:|+ pm mTp +Tm) +Cpost
j:m+1|:| ifm1 [
We now compare the estimated delay costs of these sequences, and show that under the given
condition (A.1) one will be always lesser than the other. Both (A.2) and (A.3) can be expanded as
following:

Cseq_ :Tm [qpmﬂ ++ pr—l) + pr |Il-m'"-i_-l-l’—]_) + Kl

Cseqz :Tr Eqpmﬂ Tt pr—l) * Pm |:ﬂ-m+1-..+-|-r) + K2
Rearrangement of the termswil | show that K, = K, . Additionally, if:

& > pm+i
T T

m m+i

Then T, Pm.i € Py i andsincer>m, p, O, X T, [P, , for dl positivei. Thus, the
left terms of (A.2) are small er than the middle terms of (A.3). Similarly, the midd e terms of (A.2)
are smaller than the left terms of (A.3). Thus, T, [{ Py +----F Proy) < P ATieg--.+T,) and

P T T) ST, WPrg +oo0t Pry) - Thus, Cy <Cgp  is aways true under
condition A.4, which isthe priority given is equation (A.1) of individual nodes (proved).

Corallary-2.1 (Sequence Decision): If two nodes are in a sequence, then the preceding node has
to be loaded first.

Proof: below we provide a dired proof of this intuitive crollary. Let nodes n; and n, are in a
sequence, nl precaling n2. We mmpare the @sts for two sequences Seql= [.. ng, n,...] Seq2=
[..., Ny, m...]. Since N, is traversed only after n, the state probabilities P, < P,. The response
delay count begins for the seand node, after the first node is loaded and then read i.e. at time
(T1+Ry) . Thus, the cost of first sequenceis given by:

Csetl = b |:rl * P, EnaX{Tl +T2 - (T1 + Rl)’o} = bk Erl + P, EnaX{Tz - Rl)’o} ---- (B.1)
Similarly, the @st for the seamnd sequenceis given by:
Cop = PLUT, +T,)+ p, Hna){Tl —(T +T, + Rl),O} ..... (B.2)
=p T, +T,)

Since, the second node is loaded before the first node so it will be immediately avail able after the
first node is read. If max{T2 - Rl),O} =0 then, 0< p, [T, +T,) . Thus C, <C,,. On the
other hand, if, maxT,-R),0}=T,-R then aso, p,,+p,dT,-R)<p, AT, +T,),
orp,T,-R)<p,T,- Since pP,<p, and T,-R,<T,. Thus for this case a0
Cseq £ Cyeqp- Note: If node 2 can be reached via asemnd path, then state probability p2<=p1

may not be true (proved).
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Theorem-2 (Tree Decision): If the sequence {n;, Ny, Nns,...ng} are the nodes in the path in a tree
from the current anchor A=n, to a candidate node ny, at depth d and Ty isit's estimated loading
time, then the priority Qq is given by the product of the mnditiond transition probahilities along
the path such that:

d
I_l Prla,, =n. |a =n]
Qd = I1=C

T

Proof: Without lossof generality, the question we will addressin this prodf isthat should we bring
anode from depth d before fetching a node from depth 1? Consequently, we @mpare two pre-
fetchingsequencesSeq 1 =1 .... Ny, Ny, Ng,....] and Seq 2=1.... ny, N3, N,,.]. Herenode 1 isthe
highest priority node at depth 1, and n, is one of its lower priority sibling in the same depth and
thus yet not fetched, and nzisthe new node at depth d exposed by the fetching of node 1. For
removing some datter in this proof, without locsing the generality of proof, we also thistime
asaume that the set of nodes between these switched nodes is empty. Lets also assuime that

d
P2 = Pr[anﬂ =N, |an = A] and Py = I_l Pr[ai+1 =Ny |31 = ni] ’

Thus, the cost corresponding to these sequences are respedively given by the foll owing
expressons.

Coeq = P, Ty + P, T, +T,) + py ax{T, + T, +T, - (T, +R),0} - (C2)

Cseqz =P D-l P, E(ﬂ'l +T2 +T3) *+Ps Ena){Tl +T3 - (rl + Rl)’o} """ (C3)
In bath of the @ases, we begun counting the response delay for n; after n; isloaded andread. The
prodf that, Cg.q < Cg,requiresthat we show under condition (1b):

p,naxXT, +T,-R,0}< p, (T, + p, maX{T,-R,0} .. (C4)
Below, we show it by considering the foll owing three @ses.
Casel: Let us consider that case, when, mao{T2 +T, - Ri,O} =T, +T; - R,
and max{T3 - RI,O} =T, — R, . Then the above reduces that we show that:

p(T,+T,—R)< p, T, + p, AT, —R).i.e p,T, < p, T, whichisthe aseif % 2%

2 3
Case 2: Let us consider that max{T2 +T, - Rl,O}I 0. Then we ae required to show that
p; tax{T, +T, - R,,0 =0< p, [0, + p, max{T, - R,0} , which isaways the case.

Case 3: Let us consider the only remaining case where, mao{T2 +T, - Ri,O} =T,+T,-R,, but
ma>{T3 - Rl,O} =0. Then, T,-R <0 ad we requre to show tha,

Ps mTz +T3_R1)S P, Ers .
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Since T, - R <0, then to show p, [{T, + T, —R) < p, [0, thus it should be sufficient to

show that p, [, < p,[d;. Which is the @se if P25 Ps thug for all situations
TZ T3

Cw1 < CSeqz (proved).

Theorem-3 (Graph Decision): For general graph G(Vg,Eg) the node priority can be determined
by computing order-n Markov state probakility p. For a noce n;, with the estimated loading time
T; the priority function can ke computed as:

ke (D.1)
T

Proof: Let us consider that a general graph, with link trandtion probabilities p; and state
probabiliti es p,. Let the aurrent anchor node is ng. We again consider two nodes, bath un-fetched,
but one n, at depth 1 from current anchor that can be @lled immediately, and another n;
somewhere dee in the graph, and which can be accessed via multiple paths and at least one
precaling node of which have been fetched. Since nz isnow in the pre-fetch set, aroat of ny must
also bein the pre-fetch set with higher priority than n,. Let thisnode ben;. Let L (0,3) = {I4, 15, I3
.. I} isthe set of all the paths through which n; can be reached from ny. Consequently, we consider
two pre-fetching sequences Sequence 1 = .... ng, Ny, Ng,....] and Sequence 2= [.... Ny, N3, Ny,.].
Also, for reducing some datter in this prodf, without loasing the generality of prodf, we also this
time assume that the set of nodes between these switched nodesis empty. Let Pr(I=l; | ao=n,) isthe
probability of traversing path 0-2 via path I;. Let R(l;) is the cumulative rendering time of all nodes
in path |; except n3. Then the cost of sequence 1 and sequence 2 are respedively given by:

L . .
Cooq = P, [T, +T,) + Z Prll =1, A, = no] [axT, +T, +T, - R(L,),0}

L ) )
Cop = P, AT, +T, +T,) + Z{Pr[l =11, | A, = n] taxT, +T, - R(I},).0}C

Note, there are other nodes involved along each peth, each of which must be loaded and read
before nz isreached. In amore predse sense, only after the airrent node has been requested by the
user then the delay counter for the arrent node should begin. Thus D.3 overestimates the penalty
by not issuing credit for the time neaded in loading the precaling nodes a ong the path, which may
or may not be arealy in the ache. (However, credit is isued for realing times). For fairness
however, we have taken out this credit in bath the sequences. Now we mnsider the following
Cases:

Case A:
Now, if max{T, +T, +T, - R(lL,),0} = 0, then also true is max{T, +T, - R(l}),0} = 0. Thus,

Cseq S Cyep dways.

sed =

CaseB:
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On the other hand, if max(T, +T, ~R(%;),0}=0 then maxT, +T, +T, - R(I,).0}<[T,|.
Thus,

L .
Coea <P, [(ﬂ'1+T2)+ZPr[| =l | A, =no]El]T2| =p, T, +T,) + p; []]T2|

Cyeq = P, T, +T, +T,) [ Thuswhen, p, T, < p, (T, thendso Cy.y < Cyppp.
Case C: otherwise:

L . .
Coeqg = P LT, +T,) + p LT, + T, +T5) - Z Prll =lgs | A, = o] R(lg3)
T

L . .
Coep = P, LT, +T, +T;) + p, [T, +T,) - Z Prll =15 | A, =ng] [R(lg5)
|

Thus, when, p; [T, < p, 05, thendso Cyy < Cqp (proved).

Fig-D General graph

Fig-B Sequence Fig-C Tree
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